
複雑系コース⽥中吉太郎准教授が2020年度⽇本数学会応⽤数学研究奨励賞を受賞：
⾮局所相互作⽤による細胞や格⼦の⼤きさと形状を保存する空間離散モデルの連続化法

空間離散モデル

・空間離散*モデルを同値変形で空間連続**モデルに変換する⼿法を開発した
・空間離散モデルに連続モデルの解析⼿法や，数理モデリングの⼿法が適⽤可能となり，様々な応⽤が期待できる

応⽤例：

本連続化法

球⾯上に離散モデルを拡張できる

cj

cΛ1
j

cΛ2
j

cΛ3
j

cΛ4
j

cΛ5
j

cΛ6
j

領域を細胞や格⼦で分割して,その上で構築した数理モデル．
多細胞⽣物の発⽣現象等に対して，良い再現性をもち，実験と相性がよ
い．⼀⽅で解析が困難なことが多い．格⼦の⼤きさを0に極限をとって連
続化することが多いが，離散構造が消失してしまうことがある．
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u1,t = f(uN , u1, u2) + g(u1),
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ui,t = f(ui�1, ui, ui+1) + g(ui),

...

uN,t = f(uN�1, uN , u1) + g(uN ),

平⾏移動作⽤素や積分作⽤素を⽤いて離散モデルから同値変形で，細
胞や格⼦の⼤きさと形状を保存したまま離散モデルを連続化できる
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積分⽅程式で近似可能

平⾏移動と特性関数
を⽤いて同値変形

【研究の概要】

*離散：⾃分の周りを切り取る区間を⼩さくしていくと⾃分以外含まれなくなる集合（数直線上の整数）**連続：⾃⾝の周りを切り取る区間を⼩さくしても，⾃⾝以外に元がある集合（数直線）
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ハエの脳における分化の伝搬
現象の写真(右)と数値計算結果
（左）．

本⼿法を⽤いることで，解析
しやすい形でより現実的な数
理モデリングが可能となる．
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応⽤例：連続モデルでも離散構造を
再現できる．
積分⽅程式の重み関数を適当にとる
ことで，連続モデルでも四⾓格⼦の
離散的なパターンを再現できる．
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intersection each join three cells together (Fig. 1f). The two inter-
section points are connected by an interface between the polar and
equatorial cells. This interface is unique from the other cone cell
interfaces because it connects the intersection points. We refer to
this type of interface as a junctional interface. The intersection
points display threefold symmetry; each interface is oriented
approximately 1208 from other interfaces. Thus, the configuration
of cone cells strongly resembles the stable configuration of four soap
bubbles (Fig. 1g).

To determine whether cone cells intrinsically configure them-
selves into structures that minimize their overall surface area (like
soap bubbles), we examined ommatidia with different numbers of
cone cells and compared the cone cell patterns with the patterns
adopted by corresponding numbers of soap bubbles (see Methods).
Plateau4 observed that soap bubbles aggregate into stable and
predictable configurations depending on the number of bubbles
in each group. In an aggregate of more than two bubbles, the
numbers of intersection points N(I) and junctional interfaces N(J)
are: N(I) ¼ N 2 2 and N(J) ¼ N 2 3 (where N is the number of
bubbles in the aggregate). For example, an aggregate of five bubbles
has three intersection points and two junctional interfaces. In
addition, all intersection points exhibit threefold symmetry, inde-
pendent of the number of bubbles. Thus, junctional interfaces, like
other interfaces, tend to incline to one another at angles of 1208.
Together, these properties restrict the number of possible stable
configurations that soap bubbles adopt. There is only one stable
configuration for aggregates of five or fewer bubbles, and there are
three stable configurations for six bubbles (Fig. 2).

To determine whether cone cells also organize into configurations
governed by surface minimization forces, we examined the omma-
tidia of Rough eye (Roi) mutants. Roi ommatidia contain variable
numbers of cone cells (Fig. 2a) owing to a dominantmutation in the
bHLH gene amos15,16. We found that Roi cone cell clusters showed
the same properties as soap bubbles in the number of intersection
points, junctional interfaces and their inclinations (Fig. 2b–i). In
ommatidia containing one cone cell, the cell had a radial interface
with its surroundings, whereas clusters of two cells had a single
straight interface between the cells, with their remaining surfaces
curved (Fig. 2b, c). This precisely matches the forms shown by one
or two soap bubbles. Similarly, for cone cell clusters ranging in
number from three to five, a single configuration that exactly
matches the corresponding bubble aggregate was primarily
observed (Fig. 2d–f). For six-cell clusters, three configurations
were primarily observed, and these exactly matched the three stable
configurations seen with aggregates of six soap bubbles (Fig. 2g–i).
This extensive correlation between cone cell and soap bubble
configurations strongly indicates that the configurations are con-
trolled by the tendency for cone cell groups tominimize their overall
surface area.

DE- and DN-cadherins are essential for configuring cone cells
Soap bubbles aggregate by fusing their film surfaces along bubble–
bubble interfaces. Membrane fusion does not occur between cone
cells12. How then do cone cells aggregate together? Cadherins are
thought to play critical roles in allowing cells to connect together
into coherent groups. Classical cadherins are transmembrane pro-
teins localized to the adherens junction that mediate cell–cell
adhesion by homophilic interactions17,18. Strong adhesion requires
both the extracellular cadherin domain and cadherin’s ability to
interact with the cytoskeleton. The cytoplasmic domain of cadherin
associates with b-catenin, which binds toa-catenin, which connects
to the actin cytoskeleton. In this manner, cytoskeleton form and
shape is dependent upon cadherin localization. To determine
whether the three classical Drosophila cadherins19–21 are involved
in retinal cell patterning, we first examined their expression. CadN2
is not expressed in the developing pupal retina (data not shown).
However, DE-cadherin is expressed in all retinal cells and is localized

to the adherens junction of all cell–cell interfaces (Fig. 3a–c).
DN-cadherin is also expressed in the retina but is restricted from
all pigment cells (Fig. 3d–f). Within cone cells, it is localized to the
adherens junction of cone–cone interfaces. These localization
patterns are consistent with the homophilic interactions typical of
cadherins.
We next examined the patterning of retinal cells mutant for

DE-cadherin. Small clones of cells mutant for DE-cadherin were
generated shortly after the onset of retinal differentiation. The

Figure 3 DE- and DN-cadherins are required for apical adhesion of retinal cells.
a–c, Localization of DE-cadherin (green) and b-catenin (purple) proteins. Co-localized
proteins appear white. Arrow in magnified ommatidium (c) shows projections from
underlying photoreceptors. d–f, Localization of DN-cadherin (green) and b-catenin
(purple) proteins. g–l, DE-cadherinmutant cells (DE-cadherin 2) marked with GFP (blue).

b-catenin (green) and bH-spectrin (red) outline membranes. A mutant primary pigment

cell has lost contact with its neighbours (g–i). A mutant cone cell has lost contact (arrow)
with primary pigment neighbours (j–l). m–r, Mosaic ommatidia with cone cells
doubly-mutant for DE- and DN-cadherin (arrows), stained for bH-spectrin (purple) and

DE-cadherin (green). A mutant cone cell has lost complete apical contact with its

neighbours (p–r).
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smaller decreases in the number of four-, seven-, and
eight-sided cells occur also (Figure 1I and Figures S1H
and S1I). Consistent with Euler’s formula, which defines
the relationship between faces, edges, and vertices of

polyhedra, the number of four-cell vertices decreases,
and the number of three-cell vertices increases (Fig-
ure 1H) as the average neighbor number grows from
5.55 to 5.96. This means that there is a net increase in

Figure 1. Changes in Packing of Wild-Type Wing Epithelia during Development

(A–G) The wing cartoons highlight the region of the wing. Epithelia become hexagonally packed during pupal development. Processed images of
Cadherin-stainedwings at (A) larval and (B) prepupal stages and at five different pupal times (TP1–TP5) from (C–G)Waddington stages P2B–P2C.
The number of neighbors for each cell, determined by usingCellenger automated image analysis software, is color coded on the images. All scale
bars are 10 mm.
(H) Percentage of 3-fold and 4-fold vertices during pupal stages TP1–TP5. Consistent with Euler’s formula (F + V 2 E = 2), which describes the
mathematical relationship between the total number of faces (F), vertices (V), and edges (E), the percentage of 3-fold vertices increases as the
epithelium becomes more hexagonal.
(I) Percentage of cells with four, five, six, seven, or eight neighbors (color coded as indicated) at different developmental times.
(J) Variability in the total cell perimeter and individual cell edge length decreases between TP1 and TP4. Standard deviations are expressed as
a percentage of the average perimeter (or average cell edge length) to control for cell size differences. Approximately 2500 cells per data point
were averaged to obtain the data in (H)–(J). Only intervein cells on the dorsal side of the wing surface were analyzed.
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ハエの複眼
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ハエの脳における分化の伝搬現象に対する数理モデルの数値計算結果：

⽤いた重み関数

＊は重み関数との積分六⾓格⼦

四⾓格⼦
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